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In the present work we develop, implement, and analyze the results of a new method-
ology destined to calculate critical points of phase transitions. Our criticality conditions
are developed from a slight modification of the Gibbs tangent plane criterion. We
formulate the critical points calculation as an optimization problem. Such formulation
offers many advantages, among them we can mention the capability of determining more
than one critical point, the use of robust numerical methods, and the possibility of
visualization of the critical phenomenon from a two-variable (T and P) objective function.
To solve the optimization problems we use the simulated annealing algorithm, a stochastic
method whose convergence does not depend on initial guesses and gives preference to
global optima. Several samples of mixtures were used to test the present methodology. The
results of our simulations were compared, in a satisfactory way, with experimental data
and with some results calculated in other approaches. © 2004 American Institute of Chemical
Engineers AIChE J, 50: 1300–1314, 2004
Keywords: Gibbs tangent plane criterion, global optimization, thermodynamic system,
objective function, critical point

Introduction

A critical point of a thermodynamic system is reached when
there is no longer any difference in the physical properties
between coexisting phases. There are many important exam-
ples of high-pressure processes in chemical and petroleum
engineering where critical point calculations are required. In-
deed, the critical properties are necessary for adequate design
of chemical reactors and separation equipment, processes in-
volving supercritical fluid extraction, and in enhancement of
oil-recovery techniques. The location of the critical point de-
termines whether retrograde condensation will occur in com-
positional simulators, typically used in petroleum industry for
simulated condensing gas drive and miscible gas injection. In
tertiary recovery processes the location of critical point is also
fundamental to predict regions of complete miscibility, where

the resident fluid is dislocated by the injected gas. Thus, of
course, calculations of the critical points are important in
several processes involving fluid phase equilibria at high pres-
sure. Besides, as discussed by Sadus (1994), the study of
critical equilibrium is also of considerable practical utility in
understanding the phase equilibrium of fluids in general. This
author emphasizes that the critical state can be used to deter-
mine the global nature of the phase behavior of a mixture,
according to the phase behavior classification of van Konynen-
burg and Scott (1980), for binary mixtures, based on critical
transitions.

Gibbs (1928), in his fundamental work on the equilibrium of
heterogeneous substances, was the first to establish thermody-
namic criteria for the criticality conditions of fluid systems.
The application of Gibbs critical criteria to the calculation of
critical points of a multicomponent (with more than three
components) mixture was first attempted by Peng and Robin-
son (1977). Several years before, Spear et al. (1971) had
studied calculations of critical points in ternary mixtures. A
revision on this subject is presented in Hicks and Young
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(1975). Peng and Robinson (1977) was shown that the pro-
posed equation of state was capable of generating reliable
results for the critical condition. Hicks and Young (1977)
presented an algorithm for location of critical points that works
by monitoring the sign of the one critical condition, whereas
searches to zero use the other one at the temperature–volume
plane. Later, Baker and Luks (1980) used the Redlich–Kwong
equation of state and the Gibbs criticality criteria based on
Helmholtz free energy, as modified by Reid and Beegle (1977).
These approaches require the evaluation of two determinants of
order r � 1 for an r-component system. The evaluation of these
determinants is a computationally expensive part of the Gibbs
formulation, particularly for mixtures with many components.
To minimize the complexity of the computational calculations,
Heidemann and Khalil (1980) proposed equivalent forms of the
criticality criteria that are based on the stability of homoge-
neous phases, defined in terms of a Taylor expansion of the
Helmholtz energy. Their computation procedure avoids differ-
entiation of determinants and requires, during each iteration,
the evaluation of only one determinant, the evaluation of a set
of linear simultaneous equations, and the evaluation of a triple
summation function. To reduce still further the amount of
computation, this procedure has been refined by other workers
[see, for example, Billingsley and Lam (1986); Eaton (1988);
Kolář and Kojima (1996); Michelsen (1980); Michelsen and
Heidemann (1981)].

Criteria for critical points based on the expansion of the
tangent plane distance function of Gibbs energy have been
developed by Michelsen (1984). This function describes the
thermodynamic stability criterion proposed originally by Gibbs
(1928), proved by Baker et al. (1982), and first implemented by
Michelsen (1982). The substantial difference in the conditions
established by Michelsen (1984) resides in the fact of the
temperature and pressure to be the primary variables, whereas
Heidemann and Khalil used the pressure and volume. Mich-
elsen (1984) also developed a new technique for direct com-
putation of critical points that does not involve the evaluation
of any determinants and uses eigenvalue methods. The critical
temperature and pressure are determined by a Newton method
and a deficiency of the Michelsen methodology is that rather
close initial estimates are required.

More recently, Stradi et al. (2001) proposed a new numerical
approach to resolve the nonlinear system that describes the
Heidemann–Khalil formulation of the criticality conditions.
The procedure used by Stradi and coworkers is based on
interval analysis: an interval Newton/generalized bisection al-
gorithm is used. This procedure is initialization-independent
and the authors guarantee that all mixture critical points are
located.

In the present work, we describe the formulation, implemen-
tation, and analysis of the results of a new methodology for the
calculation of the critical points of multicomponent mixtures.
Criticality criteria are found by expansion of a slight modifi-
cation of the tangent plane distance function of Gibbs energy.
This criterion is used to formulate, for the first time, the critical
point calculation as an optimization problem. Such formulation
offers many advantages, among which we can mention the
capability of determining more than one critical point and the
use of robust numerical methods. The formulation also allows
visualization of the critical phenomenon from the analysis of
the surface and of the contour curves of a two-variable (T and

P) objective function, which helps to understand the complex-
ity involved in the determination of critical points, showing the
existence of several local minima (nor all global ones) located
in regions difficult to access for classic methods of optimiza-
tion. To find out the global minimum of this objective function,
the simulated annealing (SA) algorithm version as formulated
by Corana et al. (1987) was chosen. The SA is a stochastic
method for obtaining good solutions to difficult optimization
problems, which has received much attention over the last few
years, whose convergence does not depend on initial guesses
and gives preference to global optima.

Model Formulation
The Gibbs tangent plane criterion

Following the Gibbs tangent plane criterion analyzed by
Baker et al. (1982) [also see Michelsen (1982) and Henderson
et al. (2001)], we assume that in the presence of a small
perturbation an r-component mixture with global molar com-
position z � (z1, z2, . . . , zr) is divided in two phases, the
original phase and a hypothetical phase. Denoting by xi and �i,
respectively, the molar fraction and the chemical potential for
each component in hypothetical phase, we can write the sta-
bility condition in the usual form

d � �
i�1

r

xi��i� x1, . . . , xr� � �i
0� � 0 (1)

where �i
0 � �i(z1, . . . , zr) represents the chemical potential of

the component i evaluated at the global composition z � (z1, z2,
. . . , zr). If n is total number of moles in the hypothetical phase
and G is the Gibbs energy associated, then d can be written in
the form d � g � �, where

g �
G

n
� �

i�1

r

xi�i� xi, . . . , xr�

is the molar Gibbs energy of the hypothetical phase and � �
¥i�1

r xi�i
0 is the function that represents the tangent plane to

the surface g at the point [z, g(z)]. Thus, the tangent plane
distance function for an r-component system can be geometri-
cally defined as the vertical distance from the tangent plane to
the surface of the molar Gibbs energy at global composition
z � (z1, z2, . . . , zr) to the surface itself at composition x � (x1,
x2, . . . , xr) relative the hypothetical phase.

The stability condition d(x) � g(x) � �(x) � 0, for all 0 �
xi � 1 and ¥i�1

r xi � 1, implies that the molar Gibbs energy
surface of the hypothetical phase (g) always lies above the
tangent plane (�) that passes through the point [z, g(z)] [see
Figure 1(a)]. If the mixture is unstable, then part of the surface
of g is below the tangent plane �, as shown in Figure 1(b).

Because of the geometric aspects described above, the sta-
bility condition given by Eq. 1 is known as Gibbs tangent plane
criterion. The function d is called tangent plane distance func-
tion. This function is also designated stability test function
because by using d it is possible to build methodologies,
essentially numerical procedures, appropriate to test the stabil-
ity of phases.
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The modified stability test function

To develop the criticality conditions used in this work, we
modified slightly the stability test function. Other different
modifications can be found in Nagarajan et al. (1991) and
Henderson et al. (2001).

By substituting the constraint xr � 1 � ¥i�1
r�1 xi into Eq. 1,

the necessary and sufficient conditions for stability of an r-
component mixture become

d� x� � �
i�1

r�1

xi���i� x� � �i
0� z�� � ��r� x� � �r

0� z��	

� ��r� x� � �r
0� z�� � 0 (2)

for all x � (x1, . . . , xr�1) � 
 � Rr�1, where �i(x) : 
 � Rr�1

3 R indicates that each chemical potential is defined in 
 �
{x � Rr�1; 0 � xi � 1, i � 1, . . . , r � 1, and ¥i�1

r�1 xi � 1},
the set of independent variables of the hypothetical phase.

Criticality criteria

Expanding the function d(x) in the Taylor series around z �
(z1, . . . , zr�1) � 
 in the direction of a nonnull vector h �
Rr�1, such that z � h � 
, we obtain

d� z � h� � d� z� � �d� z� � h �
1

2
�2d� z� � h2

�
1

6
�3d� z� � h3 � o��h�4� (3)

where

�d� z� � h � �
i�1

r�1
�d� z�

� xi
hi �2d� z� � h2 � �

i, j�1

r�1
�2d� z�

� xi� xj
hihj

and

�3d� z� � h3 � �
i, j,k�1

r�1
�3d� z�

� xi� xj� xk
hihjhk

The mathematical objects �d, �2d, and �3d are, respectively,
the first, second, and third order tensors of the derivatives of d.

The classical Gibbs–Duhem relation in the intensive vari-

ables [see Callen (1985)], at constant temperature and pressure,
given by

�
i�1

r

xid�i� x� � 0 (4)

guarantees that the determination of the first-order partial de-
rivatives of d(x) do not involve the calculation of the partial
derivatives of �i(x). This useful result is summarized in the
following proposition.

Proposition 1: The first-order tensor �d(x) � [�d(x)/�xj] �
Rr�1 [the gradient vector of d(x)] is determined, for all j � 1,
. . . , r � 1 by relation

�d� x�

� xj
� ��j� x� � �j

0� � ��r� x� � �r
0� (5)

Proof of Proposition 1 (see Appendix A)

Equations 2 and 5 show that d(z) � 0 and �d(z) � 0. Thus,
Eq. 3 can be rewritten in the following equivalent form

d� z � h� �
1

2
�2d� z� � h2 �

1

6
�3d� z� � h3 � o��h�4� (6)

Taking h � su, where u � Rr�1 is such that u�u � 1 and s �
R, Eq. 6 becomes

d� z � h� � qs2 � cs3 � o�s4� (7)

where

q �
1

2
�2d� z� � u2 and c �

1

6
�3d�z� � u3 (8)

Equation 7 shows that for all h � su � Rr�1, with � s �
sufficiently small, the Taylor expansion is dominated by the
quadratic form q � (1/2)�2d(z)�u2, with u�u � 1. Therefore, a
necessary condition for the stability is given by

q �
1

2
�2d� z� � u2 � 0 (9)

If q is negative, then the mixture is intrinsically unstable. If
q equals zero, then the mixture is at the limit of intrinsic
stability [see Michelsen (1984)].

Given a global composition z, we defined the temperature
and pressure at a critical point (z, T, P) as being a pair (T, P)
where the mixture is stable, but it is at limit of intrinsic
stability; that is, d(x, T, P) � 0, for all x � 
, and q(z, T, P) �
0. Thus, from Eq. 7, at a critical point must occur d(z � h, T,
P) � cs3 � o(s4) � 0, for all h � su � Rr�1 with z � h � 
,
where now c becomes the dominant term. For this to be
possible, without depending of the sign of cs3 (which can vary
with the choice of s), it is also necessary that at a critical point

Figure 1. Tangent plane distance: (a) positive distance
(stable); (b) negative distance (unstable).
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happens c(z, T, P) � 0. Therefore, this definition can be
restated as follows:

Definition: A pair (T, P) at a critical point of an r-component
mixture, with global composition characterized by z � (z1, . . . ,
zr�1) is defined by values of temperature and pressure for
which exists a vector u � Rr�1, with u�u � 1, such that

q� z, T, P� �
1

2
�2d� z� � u2 � 0 (10a)

and

c� z, T, P� �
1

6
�3d� z� � u3 � 0 (11a)

Besides, at a critical point the mixture should be globally
stable, that is,

d� x, T, P� � 0 for all x � �x1, . . . , xr�1� � 
 (12)

Sometimes one deals in the practice with binary mixtures.
Given that in the present work �2d(z) � R(r�1)
(r�1) and
�3d(z) � R(r�1)
(r�1)
(r�1), it follows from our formulation
that in cases where r � 2 these tensors become scalars

�2d� z� �
�2d� z�

� x1
2 and �3d�z� �

�3d�z�

�x1
3

u becomes essentially 1 and the criticality criteria, Eqs. 10a and
11a, take the simple forms

q� z, T, P� �
1

2

�2d� z, T, P�

� x1
2 � 0 (10b)

c� z, T, P� �
1

6

�3d� z, T, P�

� x1
3 � 0 (11b)

In procedures used in critical points calculation, as proposed
by Heidemann and Khalil (1980), the stability condition, Eq.
12, which guarantees the stability of the critical point, is
considered a test to be accomplished after the determination of
T and P.

The classical critical conditions [see, e.g., Tester and Modell
(1997)], in terms of the derivatives of Gibbs free energy, affirm
that in a critical point, for a binary mixture, the second and the
third derivatives Gibbs free energy, with respect to composi-
tion, must be equal to zero and a derivative of higher order
must be greater than zero. The following proposition, relative
to binary mixtures, demonstrates that the critical conditions
given by Eqs. 10, 11, and 12 are entirely equivalent to the
classic conditions cited above.

Proposition 2: For a binary mixture with global composition
z1 (and z2 � 1 � z1), a pair (T, P) satisfies the relationships

�2d� z1, T, P�

� x1
2 � 0

�3d� z1, T, P�

� x1
3 � 0

and d(x1, T, P) � 0 for all 0 � x1 � 1; if, and only if,

�2g� z1, T, P�

� x1
2 � 0

�3g� z1, T, P�

� x1
3 � 0

and
�kg�z1, T, P�

�x1
k � 0

for any k � 4.

Proof of Proposition 2 (see Appendix A)

The eigenvector approach associated with the smaller
eigenvalue

For mixtures with more than two components, the solution
of the system constituted by Eqs. 10 and 11 demands the
determination of the vector u, a function of T and P. We will
use in the present work the approach proposal by Michelsen
(1984), that uses the eigenvector associated with the smaller
eigenvalue of second-order tensor �2d(z), the Hessian matrix of
d(z). Thus, considering a Taylor expansion just as Eq. 7, to
minimize q we observed that the smaller value in the quadratic
form q � (1/2)�2d(z)�u2, with u�u � 1, is attained by choosing
u � u*, where the unitary vector u*is an eigenvector associated
with the smaller eigenvalue of �2d(z). In fact, by Lagrange
multipliers theorem [see, for instance, Luenberger (1989)], if
u � Rr�1 is a minimizer of the problem

�Min q �
1

2
�2d�z� � u2

s.t.: u � u � 1
(13)

there exists a single � � R (Lagrange multiplier) such that
�2d(z)u � �u � 0. Thus, the minimizer of the problem de-
scribed by Eq. 13 is necessarily an eigenvector of the symmet-
rical matrix �2d(z). After rewriting Eq. 13 in the form

q �
1

2
�2d� z� � u2 �

�

2
(14)

we clearly note that q*, the minimum reached by quadratic form
q, occurs when u � u*, that is, the eigenvector associated with
the smaller eigenvalue �min, of the matrix �2d(z), that is

q* �
1

2
�2d� z� � u*

2 �
�min

2
(15)

Therefore, in the critical point (z, T, P), determined u*, the first
condition that must occur is �min � 0, or either

q*� z, T, P� �
1

2
�2d� z� � u*

2 � 0 (16)

Consequently, the second condition is

c*� z, T, P� �
1

6
�3d� z� � u*

3 � 0 (17)
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Calculation of the quadratic and cubic forms

By deriving Eq. 5 we can calculate the Hessian matrix

�2d� x� � ��2d� x�

� xi� xj
�

as follows

�2d� x�

� xi� xj
�

�2d� x�

� xj� xi
�

��i� x�

� xj
�

��r� x�

� xj
(18)

The chemical potential for each component of the mixture
can be written in the following form

�i � RT�ln 	i � ln�Pxi�� � 
i�T� (19)

where 	i is the fugacity coefficient and 
i(T) is an integration
parameter that depends only on the temperature and on the
nature of the ith component [see Smith et al. (1996)]. There-
fore, the calculation of the derivatives of the chemical poten-
tial, which appear in the right side of Eq. 18, can be obtained
by

��i

� xj
� RT�� ln 	i

�xj
�

� ln�xiP�

�xj
	 (20)

Thus

��i

� xj
� 


RT
� ln 	i

�xj

if j � i and i � r

RT�� ln 	j

�xj
�

1

xj
	 if j � i

RT�� ln 	r

�xj
�

1

xr
	 if j � i and i � r

(21)

The fugacity coefficient was calculated using the of Peng–
Robinson equation of state with classical mixing rules and the
derivatives contained in Eq. 21 are summarized in Appendix B.
The binary interaction parameters for the studied systems will
be presented in the results section.

With the objective of preventing detailed calculations and
elaboration of complicated routines that probably demand ap-
propriate structures of data for its optimized computation, the
tensor �3d(z), more appropriately the cubic form c � (1/
6)�3d(z)�u*

3, will be calculated in an approximated manner, as
initially suggested by Michelsen (1984). Using the present
notation we can approximate, as demonstrated in Appendix C,
the cubical form by central differences, as follows

c* �
1

6
�3d� z� � u*

3

�
1

6�2 �u*
T�d� z � �u*� � u*

T�d� z � �u*�� (22)

where � � 0 is a sufficiently small scalar. In all the examples
studied here we adopt in Eq. 22 � � 10�4.

Critical Points Calculation as an Optimization
Problem
Formulation of the optimization problem

Considering two intervals (Tmin, Tmax) and (Pmin, Pmax),
where mixture-critical temperature and critical pressure are
located, respectively, the calculation of a critical pair (T, P), for
each composition z corresponds, by Eqs. 16 and 17, to the
solution of the following nonlinear algebraic system

�q*� z, T, P� � �2d� z��T, P� � u*
2�T, P� � 0

c*� z, T, P� � �3d� z��T, P� � u*
3�T, P� � 0 (23)

subject to constraints: Tmin � T � Tmax and Pmin � P � Pmax.
Any iterative procedure used to solve the nonlinear algebraic

system described by Eq. 23 demands, at each iteration i, the
calculation of �min(Ti, Pi), the smaller eigenvalue of the matrix
�2d(z)(Ti, Pi), and u*(Ti, Pi), the unitary eigenvector associated
with �min(Ti, Pi).

For a specified global composition z, one can consider the
nonnegative real function f, which depends on T and P (two
variables only), defined as f (T, P) � q*

2(z, T, P) � c*
2(z, T, P),

with domain c � (Tmin, Tmax) 
 (Pmin, Pmax) � R2, an open box
in R2, where the searched solution is located.

If the system represented by Eq. 23 has a solution, then, to
solve this system is equivalent to finding a global minimum of
the function f (T, P) inside c.

Thus, the calculation of a critical point can be formulated as
the following optimization problem

�Min f�T, P� � q*
2�z, T, P� � c*

2�z, T, P�

s.t.: Tmin 
 T 
 Tmax and Pmin 
 P 
 Pmax

(24)

The formulation of the critical point calculation as an opti-
mization problem offers some advantages: (1) the possibility of
using a direct optimization method, which demands only cal-
culations of the objective function f, avoiding calculation (or
approximation) of the derivatives of the functions q*and c*
(these derivatives can be difficult to be obtain); (2) the use of
a robust optimization method, which works properly even
when the objective function is calculated in an approximated
form. For example, the complexity involved in the determina-
tion of the third-order tensor �3d(z) suggests that the calcula-
tion of the cubic form c* must be conducted by finite differ-
ences, which demands and justifies the robustness of the
method to be used; (3) the use of an iterative procedure whose
convergence is independent on initial guess; and (4) the visu-
alization of the critical phenomenon through the surface and
the contour curves of an objective function with only two
variables (T and P).

Figure 2 presents typical surfaces and contour curves of
objective functions for a mixture containing ethane (component
1), n-pentane (component 2), and n-heptane (component 3),
with four different compositions, as presented in Table 1,
where Tcm

and Pcm
represent, respectively, mixture critical

temperature and pressure.
In all surfaces contained in Figure 2, the function f (T, P) is

defined on the same domain [200 K, 700 K] 
 [2000 kPa,
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10,000 kPa]. Observing Figure 2, one can notice that, with
exception of the neighborhoods of the critical points, the sur-
face of the objective function presents similar form of many
monotonous linear functions (increasing with T). Near critical
points, the high nonlinearities of f (T, P) provide sufficient
complex geometries. In fact, for values of T and P in the
vicinity of the critical point, with lesser temperatures than the
critical one, the function assumes relatively high values. As
evidenced in Figure 2, the region inside the cardioid curve (or
in its neighborhood), described in a T–P plane, refers to the part
of the domain with higher values of f (T, P). On this side of this
region, the function tends to decrease when T decreases. This
part of the feasible domain does not present practical interest
for the calculation of critical points, given that any optimiza-
tion method that uses descent directions, initiating mainly in
this region, will tend to converge to the inferior edge of the
domain. Even global optimization methods, like the SA algo-
rithm used in the present work, can (when used in not appro-
priate form, i.e., with an inadequate cooling schedule) converge
to the neighborhoods of the inferior boundary of the domain. If
it will be convenient, this region can be removed from the
feasible domain effectively used in the resolution of the prob-

lem described by Eq. 24. We take in all our simulations Tmin as
being multiple of the pseudocritical temperature of the mixture:
Tmin � � ¥i ziTci

. In a general way, we make � � 1; other
convenient values for particular cases are presented in the
results section. On the other hand, in the vicinity of a critical
point, for values of T slightly higher than those related previ-
ously, the objective function presents a similar form to an
inclined cone with vertex toward low and very fine extremity.
As a consequence of these geometric factors, the minimum
point (where f is zero) is located in a very narrow valley, where
it is difficult to access many optimization methods. Beyond the
neighborhood of the critical point, the objective function comes
back to grow monotonically with temperature. This last region
does not offer difficulty for optimization algorithms.

The compressibility factor (Z � Pv/RT) obtained by a P–v–T
model, as used in this work, cannot be unique; that is, the
Peng–Robinson cubic polynomial (see definitions of A and B in
Appendix B) Z3 � (1 � B)Z2 � (A � 2B � 3B2)Z � (AB �
B3 � B2) � 0 can show one or three real roots. The first surface
presented in Figure 2, corresponding to the mixture ethane/n-
pentane/n-heptane, was obtained selecting the largest root (in
the case of three real roots). Equivalent surfaces generated
using the intermediate root (a) and the smallest one (b) are
depicted in Figure 3. It is easy to note that, in spite of the
possibility of selecting different surfaces (or, equivalently,
different roots), the referred surfaces show that, in the vicinity
of the critical point, these graphical forms are identical because
the three-root region is far from the critical point. This fact
should not be surprising because there is ample evidence in the
literature [see, for example, Reid et al. (1988)] that a cubic

Figure 2. Surfaces of the objective function for the mixture (1) ethane, (2) n-pentane, and (3) n-heptane with four
different compositions.

Table 1. Tcm
and Pcm

for the Mixture C2H6, n-C5H12,
and n-C7H16

Composition z � (z1, z2, z3) Tcm
(K) Pcm

(kPa)

1 (0.3, 0.5, 0.2) 469.10 5030.80
2 (0.3, 0.3, 0.4) 499.04 4914.90
3 (0.3, 0.2, 0.5) 489.78 4994.90
4 (0.3, 0.1, 0.6) 507.63 4804.50
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equation of state has only one real root near the critical region.
This argument shows that the choice of the compressibility
factor is irrelevant for critical point calculations. In our calcu-
lations, we opted for the largest real root.

The simulated annealing algorithm

The geometric complexity of the objective function de-
scribed previously justifies the use of an appropriate optimiza-
tion method. Based in our initial experiences (with unsatisfac-
tory results) with classical deterministic methods, we opted to
use the SA algorithm. This algorithm has been successfully
used in the resolution of several types of phase equilibrium
problems [see, for instance, Gomes et al. (2001); Henderson et
al. (2001); Pan and Firoozabadi (1998); Zhu and Xu (1999)].

The simulated annealing (SA) algorithm is one of the many
heuristic approaches designed to supply points of minimum,
not necessarily global, of an objective function within a rea-
sonable time of computation. The SA algorithm presents more
search options than those of a descent algorithm. One simple
form of a descent algorithm starts with initial guess (called
initial solution); then, a point in a neighborhood of this solution

is generated by some suitable mechanism and the change in the
objective function is calculated. If the generated point pro-
motes a decrease in f, then the current solution is replaced by
this new solution; otherwise, the previous solution is retained.
The process is repeated until no further improvement in the
objective function can be obtained by points in the neighbor-
hood of the current solution. Thus, the descent algorithm ter-
minates at a local minimum. Despite the popularity of this class
of algorithms, its disadvantage is in the fact that the point of
local minimum found may be, many times, far from the global
minimum. One way of improving the solution is to run the
descent algorithm several times, starting from different initial
solutions and taking the best point found (i.e., that one that
produces the lesser value in the objective function).

On the other hand, the SA algorithm can accept steps that
lead to an increase in the objective function, and thus is capable
of escaping regions of local minimum, searching minimum
points in the entire feasible domain. The acceptance of these
uphill moves is made in an absolutely controlled way, follow-
ing probabilistic criteria related to the Boltzmann distribution
(see Corana et al., 1987 and Eglese, 1990). The acceptance or
rejection of movements, throughout an ascent direction, is
determined by the generation of a sequence of random numbers
that establish acceptance criteria, from the probabilistic control
previously mentioned. The function that supplies the accep-
tance probability to a movement that causes an increase in the
objective function f is called acceptance function and is nor-
mally set to exp(��f/�), where � is a control parameter, which
in an analogy with the physical annealing corresponds to the
temperature of the substance. The use of this acceptance func-
tion is made in such a way that a movement that produces a
small increase in f has a greater probability of being accepted
than does a movement that implies a large increase. The
function exp(��f/�) also allows, for high values of �, many
uphill moves to be accepted. However, when � approaches
zero, movements with this property must be rejected. Thus, the
SA algorithm initiates with a relatively high value of �, to
prevent its stopping prematurely in the first local minimum
found. The SA algorithm carries out a certain number of
neighboring changes, at each value of �, while this parameter
is gradually decreased.

The basic steps of the SA algorithm are summarized below
(Eglese, 1990), where random(0, 1) represents a random num-
ber in the interval (0, 1) and D is the feasible domain of the
objective function f.

SA Algorithm

Step 1. Select an initial value x belonging to D.
Step 2. Select an initial control parameter �0 � 0.
Step 3. Repeat:

3a. Repeat initiating from n � 0.
Generate a point y, a neighbor of x.
Calculate �f � f ( y) � f (x).
If �f � 0, then x � y.
Else, if random(0,1) � exp(��f/�), then x � y.
n � n � 1.

Until n � N(t).
3b. t � t � 1.
3c. � � �(t).

Until the stopping criterion is reached.

Figure 3. Surfaces of the objective function for the mix-
ture (1) ethane, (2) n-pentane, and (3) n-hep-
tane evaluated with intermediate (a) and
smaller (b) roots.
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The initial control parameter, the control parameter reduc-
tion rate, the number of iterations [N(t)] for each value of the
control parameter, and the stopping criterion is part of the input
data known as cooling schedule. The choice of the cooling
schedule is a crucial aspect in the implementation of SA
algorithm and can affect the performance of the method. In the
present work we use the SA algorithm proposed by Corana et
al. (1987). The used cooling schedule is presented in the results
section.

Besides the stopping criterion suggested by Corana and
coworkers, the quadratic and cubic forms must be sufficiently
small. Thus, we accept a pair (T, P) as being a critical point if

f�T, P� 
 �1 �q*�T, P�� 
 �2 and �c*�T, P�� 
 �3

The tolerances used in all the examples were: �1 � 10�10, �2 �
10�5, and �3 � 10�5.

The SA algorithm presents ease of computational implemen-
tation and shows the advantage of being able to deal with
optimization problems where the objective function is discon-
tinuous. This last property of the SA is explored, together with
other aspects, to supply a methodology used to calculate more
than one critical point.

The calculation of the eigenvector associated with the
smaller eigenvalue of the Hessian matrix was made using the
Jacobi method [see, for instance, Sewell (1990)], a direct
method used with symmetrical matrices.

Calculation of more than one critical point

Considering that some mixtures can exhibit various critical
points (Stradi et al., 2001), we present a strategy that permits,
in these situations, finding more than one critical point. Our
approach is relatively simple, although it vigorously explores
the calculation of critical points as an optimization problem,
solved by the SA algorithm.

We consider initially that, for a given global composition z,
a first critical pair denoted by (T1, P1) was determined. Then,
with the objective of determining a second critical point, we
solve (using the SA algorithm) the following problem

�Min f1�T, P� �
TmaxPmax

�T � T1��P � P1�
f�T, P�

s.t.: Tmin 
 T 
 Tmax and Pmin 
 P 
 Pmax

(25)

It is clear that near point (T1, P1) the function f1(T, P)
becomes arbitrarily high, being discontinuous in this point.
Moreover, if the function f (T, P) of Eq. 24 exhibits a second
global minimum (T2, P2), with T2 � T1 and P2 � P1, then this
point also minimizes the function f1(T, P) given by Eq. 25.
Finally, it must be observed that the parameters Tmax and Pmax

are used in the formulation of the function f1(T, P) to keep the
scale of the problem.

In an analogous form, obtained a second critical point (T2,
P2), if the mixture presents a third critical point, (T3, P3), then
we determine it by the resolution of the following problem
(using the SA algorithm)

�Min f2�T, P� �
Tmax

2 Pmax
2

�T � T1��P � P1��T � T2��P � P2�
f�T, P�

s.t.: Tmin 
 T 
 Tmax and Pmin 
 P 
 Pmax

(26)

If n critical points are already calculated, will look to deter-
mine the solution of the (n � 1)th critical point, by SA
algorithm, for the following minimization problem

Figure 4. Surface and contour curves of the objective function with amplification of critical region for example 1, with
40% of ethane, 10% of n-pentane, and 50% of n-heptane.

Table 2. Standard Cooling Schedule

Parameter Value Meaning

�0 103 Initial control parameter
r� 0.85 Reduction factor of control parameter

n� 15
Maximum number of iterations before

reduction of control parameter
nS 20 Maximum number of cycles
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�Min fn�T, P� �
Tmax

n Pmax
n

�i�1
n �T � Ti��P � Pi�

f�T, P�

s.t.: Tmin 
 T 
 Tmax and Pmin 
 P 
 Pmax

(27)

The presented methodology is easily automatized because
the last critical point calculated is removed from the domain,
guaranteeing (by SA) that the function does not converge again
for this point. The automatization incorporates the visualization
of the critical phenomenon only as an auxiliary tool. These are
the paradigms of the package Global Critical Simulator (GC-
Sim), developed by the TOG, at IPRJ-UERJ.

Results and Discussion

In this section we present the computational results and
discussions related to application of our methodology for sev-
eral example problems. In all examples simulated with the SA
algorithm developed by Corana et al. (1987), the feasible
domain was defined as a closed box in the T–P plane, in the
form [Tmin, Tmax] 
 [Pmin, Pmax], where Tmin � � ¥i ziTci

and
Pmin � � ¥i ziPci

. Our computational experience with the
proposed methodology has indicated the values � � 1 and �
�1 as appropriated to include the critical points in the feasible
domain. In the present work, in particular cases where these
values are not adequate, other values of � and � are referred to
in the text. Tmax and Pmax are arbitrated sufficiently large, to
ensure that the open box c � (Tmin, Tmax) 
 (Pmin, Pmax)
contains all critical points searched. We opted by the use of a
cooling schedule for the SA algorithm that makes the version
of Corana et al. (1987) sufficiently robust. This schedule is
presented in Table 2. In spite of the fact of this version of SA
algorithm has proved to be insensitive to the initial guess

belonging to the feasible domain cited above, in all examples
the pair (Tmin, Pmin) has been used as the initial guess. All the
examples performed in this work were computed in an AMD
Athlon 1.7-GHz processor.

Example 1: three-component system ethane (1), n-
pentane (2), and n-heptane (3)

This example presents the results for a mixture of linear
alkanes commonly found in oil reservoirs. Critical properties
and acentric factor are found in Reid et al. (1988). The binary
interaction parameters used are k1,2 � 0.009, k1,3 � 0.007, and
k2,3 � 0.010 (Kohse, 1989).

For a global composition z � (0.4, 0.1, 0.5), the mixture
presents only one critical point with coordinates Tcm

� 494.07
K and Pcm

� 5622.80 kPa. The surface and the contour curves
of the objective function are presented in Figure 4. An ampli-
fication of the critical region is shown to verify the geometric
complexity (as a consequence of the nonlinearities) of the
optimization problem. The values of temperature and pressure
that define the upper boundary of the feasible domain effec-
tively used in SA algorithm are Tmax � 500 K and Pmax �
10,000 kPa. The results obtained by SA are fully compatible
with the geometric image presented by Figure 4.

To verify the precision of the proposed methodology, we
present results for three different compositions, where critical
pressures and temperatures are experimentally measured by
Ekiner and Thodos (1966). As can be seen from Table 3, the
calculated results are very close to the experimental results,
with low relative deviations (�1% for critical temperatures and
close to 2% for critical pressures). In this table, RD% refers to
relative deviation (%). In all cases simulated for this example,

Figure 5. Critical pressure surface and critical temperature surface for example 1.

Table 3. Comparison of Results of This Work and Ekiner and Thodos (1966)

Global Composition

This Work
Ekiner and Thodos

(1966) RD%

Tcm
(K) Pcm

(kPa) v (m3/gmol) Time (s) Tcm
(K) Pcm

(kPa) Tcm
Pcm

z � (0.801, 0.064, 0.135) 394.60 8280.30 1.701 
 10�4 7.25 391.48 8101.00 0.80 2.21
z � (0.615, 0.296, 0.089) 419.30 6926.80 2.112 
 10�4 6.87 415.92 7060.00 0.81 1.89
z � (0.612, 0.271, 0.117) 424.60 7029.90 2.145 
 10�4 7.14 421.48 7156.00 0.74 1.76
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one can note that the computational time remains around 7 s
(Table 3).

Finally, for the same mixture, to prove the robustness of the
proposed methodology, the critical temperature locus and the
critical pressure locus (in the present case, two surfaces) for the
entire compositional domain are shown in Figure 5. The com-
positional domain is described by the molar fractions of ethane
and n-pentane. Each surface was generated by calculating 80
critical points.

The computational performance of the methodology was
also tested for this example. Using a grid with steps equal to
100 K and 1,000 kPa, for initial temperature and pressure,
respectively, we generated 40 different initial guesses in the
box defined as [100 K, 500 K] 
 [3,000 kPa, 10,000 kPa]. The
critical coordinates obtained with these initial guesses are vir-
tually the same, the values that are presented in Table 3. The
mean elapsed time was 7.17 s, with a standard deviation of
0.03 s. These results show clearly that our methodology does
not demand careful initiation strategies, and proves that the

computational time remains essentially constant for a given
mixture.

Example 2: three-component system methane (1),
n-hexane (2), and hydrogen sulfide (3)

In this example a mixture of two hydrocarbons (methane and
n-hexane) and hydrogen sulfide was studied. This mixture was
previously analyzed by Kohse (1989), using a Soave–Redlich–
Kwong (SRK) equation of state. This author reported that this
mixture, for a specified composition, has two critical points:
one of these is classified as a tricritical point involving a
triangular region of liquid–liquid–vapor coexistence; the other
is an ordinary critical point of a vapor–liquid phase transition.
Figure 6 shows the phase diagram for this mixture using
Peng–Robinson (PR) equation.

In this example, we used � � 0.7, � � 1, Tmax � 700 K, and
Pmax � 16,000 kPa. The surface and the contour curves of the
objective function for this mixture with a composition z �
(0.5357, 0.025, 0.4393) are presented in Figure 7, with an
enlargement of the region where the critical phenomenon oc-
curs. This figure clearly indicates the presence of the two
critical points described by Kohse and illustrated in Figure 6.

Our methodology, with the suggested cooling schedule (Ta-
ble 2), was capable of finding the critical points indicated in
Figure 7, as demonstrated in Table 4. Although the method
proposed here and that used by Kohse use distinct thermody-
namic models, the results obtained for both methodologies are
very similar. The binary interaction parameters used in the PR
equation were k1,2 � 0.040, k1,3 � 0.080, and k2,3 � 0.050
(Kohse, 1989). Again, it is possible to observe that, for a
three-component mixture, the computational time is close to
7 s.

Figure 8 exhibits the surface of objective function f1 (Eq. 25)
for two possibilities: the first one uses the tricritical point as T1

and P1, whereas in the second possibility the values of T1 and
P1 correspond to the ordinary critical coordinates. One can
note, in the first case, a great discontinuity of f1 in the neigh-
borhood of the tricritical point (eliminated from the domain of
the function f1). In the second case, as expected, the presence

Figure 6. Phase diagram for example 2 with 53.57% of
methane, 2.5% of n-hexane, and 43.93% of
hydrogen sulfide.

Figure 7. Surface and contour curves of the objective function with amplification of critical region for example 2 with
53.57% of methane, 2.5% of n-hexane, and 43.93% of hydrogen sulfide.
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of the tricritical point is noted, as well as the exclusion of the
ordinary critical point.

Example 3: three-component system methane (1),
carbon dioxide (2), and hydrogen sulfide (3)

The mixture studied in this example was previously analyzed
by Stradi et al. (2001). To illustrate the capability of the SA
algorithm to achieve relatively extensive searches in feasible
regions, we used, in this case, � � 0.2, � � 0.01, Tmax � 400
K, and Pmax � 17,000 kPa. The results obtained by Stradi et al.
(2001) indicate that this mixture, with a composition of 50% of
methane, 10% of carbon dioxide, and 40% of hydrogen sulfide,
has two critical points. Table 5 presents the results of our
methodology and that found by Stradi et al. (2001). In both
works, the binary interaction parameters used were k1,2 �
0.0919, k1,3 � 0.0, and k2,3 � 0.0974.

As can be seen in Table 5, the first critical point found for
both methodologies is essentially the same. However, the sec-
ond calculated point presents a considerable disagreement with
respect to the critical pressure. Apparently, the discrepancy
indicates a typographical error of these last authors, given that
one critical coordinate can be easily obtained using the remain-
ing coordinates, by an equation of state. Table 5 also presents
a comparison, only for illustrative purposes (in different ma-
chines), of the computation times in the two methodologies,
indicating that our approach does not present slow convergence
behavior.

Conclusions

In this work we proposed a new formulation for the calcu-
lation of critical points as an optimization problem. For this
task, a slight modification in the distance function of Gibbs
stability test was made. This formulation provides various

advantages, among which we cite a very simple strategy for the
determination of more than one critical point. When this situ-
ation materializes, other critical points can be calculated solv-
ing optimization problems strictly related to the original prob-
lem, but excluding the critical points previously found.
Besides, independently of the number of components, the pro-
posed methodology permits the visualization of the objective
function with only two variables (T and P), thus promoting an
easy graphical visualization of the critical phenomenon.

The Peng–Robinson cubic equation of state, with classical
mixing rules, was used to describe the P–v–T behavior of the
thermodynamic systems studied. However, other equations of
state and mixing rules can be used without major modifications
in the proposed methodology, thus allowing the determination
of physically more accurate values for critical temperatures,
pressures, and densities.

To solve the proposed optimization problems we used—as
an integral part of our numerical procedure—the SA algorithm,
a stochastic optimization method that gives preference to
global minima and has been currently used in innumerable
chemical engineering problems (e.g., Cardoso et al., 1997,
2000; Dolan et al., 1989; Gomes et al., 2001; Henderson et al.,
2001). In a similar way with the method proposed by Stradi et
al., our strategy allied with the robustness of SA was capable of
determining, in all the studied examples, all the existing critical
points. Moreover, the convergence of a stochastic optimization
method, as used in this work, does not depend on the localiza-
tion of the initial guess in the feasible domain, and the com-
putational time is approximately constant for mixtures with the
same number of components (around 7 s, for three compo-
nents). On the other hand, nonlinear systems—solved using
classical methods such as Newton–Raphson—are sensitive to
the localization of the initial guess and to the condition number
of the Jacobian matrix. As well known in the literature, the

Table 4. Comparison of Results of This Work and Kohse (1989)

Parameter

This Work (PR) Kohse (SRK)

Tcm
(K) Pcm

(kPa) � (m3/gmol) Time (s) Tcm
(K) Pcm

(kPa)

Ordinary critical point 295.96 14,178.00 7.166 
 10�5 7.20 299.40 14,300.00
Tricritical point 219.91 10,767.00 4.354 
 10�5 6.97 224.40 10,770.00

Figure 8. Possible surfaces of the objective function f1 for the mixture of example 2.
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radius of convergence of Newton-type methods is relatively
small for many phase equilibrium problems; thus a good initial
guess is required before convergence can be achieved (Hen-
derson et al., 2001; Michelsen, 1984). Besides, the use of a
direct optimization method as SA avoids the calculation of
derivatives of the objective function, thus diminishing the
algebraic complexity of the optimization problem and becom-
ing flexible for use with innumerable thermodynamic models,
and also for new mixing rules, such as the theoretically correct
Wong–Sandler rule (1992) and the Huron and Vidal rule (Hu-
ron and Vidal, 1979; Michelsen, 1990). Moreover, the optimi-
zation methodology proposed allows the use of the stability
criterion developed from other thermodynamic potentials, such
as the classical Heidemann and Khalil criterion, that uses the
Helmholtz free energy, where T and � become the primary
variables of the problem.

Three types of ternary mixtures were used to test the present
methodology. The results of our simulations were compared in
a satisfactory way with experimental data, for the first example,
and with the other approach, for the second and third examples,
illustrating its capability of numerically finding all the critical
points in multicomponent mixtures. The graphical visualization
of the objective function permitted identification of the exis-
tence and localization of the critical points and the tricritical
point (the last one for the second example).

Certainly other simulation results are necessary to prove the
capability of the proposed methodology to calculate critical
points in mixtures that demand a more complex thermody-
namic modeling, for instance, mixtures containing strongly
polar components such as alcohols, carboxilic acids, and water
(Alvarado et al., 1998). In a subsequent report we will present
calculations for mixtures involving various critical points.
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Appendix A: Proof of Propositions

Proof of Proposition 1

Differentiating the function �i � �i(x1, . . . , xr�1) we have

d�i � �
j�1

r�1
��i

� xj
dxj (A1)

By substituting Eq. A1 into the Gibbs–Duhem relation (Eq. 4),
we obtain the expression

�
j�1

r�1 ��
i�1

r

xi

��i

� xj
�dxj � 0 (A2)

Because the r � 1 molar fractions x1, . . . , xr�1 are independent
variables, then the r � 1 differential forms dx1, . . . , dxr�1 are
linearly independent. Thus, from Eq. A2 it follows that

�
i�1

r

xi

��i

� xj
� 0 for all j � 1, . . . , r � 1 (A3)

On the other hand, deriving the function d(x) with respect to xj

we obtain

�d� x�

� xj
� ��j � �j

0� � ��r � �r
0� � �

i�1

r

xi

��i

� xj
(A4)

By substituting Eq. A3 into Eq. A4 we get Eq. 5 and, therefore,
the proposal is proved.

Proof of Proposition 2

Deriving Eq. 5, for r � 2, we obtain

�2d

� x1
2 �

�

� x1
��1 � �2� (A5)

If nj represents the number of moles of component j � 1, 2,
making n � n1 � n2, one can write (G/n) � g(x1, x2), where
G � G(n1, n2) and xj � nj/n. Thus, for a binary mixture

�g

� x1
�

1

n

�G

� x1
�

1

n � �G

�n1

�n1

� x1
�

�G

�n2

�n2

� x1
�

�
1

n �n
�G

�n1
� n

�G

�n2
� � �1 � �2 (A6)

Using Eq. A6 and considering that g is twice differentiable, Eq.
A5 can be rewritten as

�2d

� x1
2 �

���1 � �2�

� x1
�

�2g

� x1
2 (A7)

Equation A7 demonstrates that [�2d(z1, T, P)]/� x1
2 � 0 if, and

only if, [�2g(z1, T, P)]/� x1
2 � 0, and, consequently, [�3d(z1, T,

P)]/� x1
3 � 0 if, and only if, [�3g(z1, T, P)]/� x1

3 � 0. Finally, in
a general way, [�kd(z1, T, P)]/� x1

k � 0 if, and only if, [�kg(z1,
T, P)]/� x1

k � 0 for all k � 2; then, a Taylor expansion of d
around z1 (also using Eqs. 2, 5, 10b, and 11b) shows that

d� z1 � h, T, P� �
h4

4!

�4g� z1, T, P�

� x1
4

�
h5

5!

�5g� z1, T, P�

� x1
5 � o�h6� � 0 (A8)

for all h such that 0 � z1 � h � 1. Therefore, the stability
condition described by Eq. A8 is equivalent to affirming that
there exists a nonnegative partial derivative of g with order k �
4, which concludes the demonstration.

Appendix B: Hessian Matrix Calculation of
Stability Test Function

In the present work, a and b are obtained by classical mixing
rules, as follows

a � �
i�1

r �
j�1

r

xixj�1 � kij��aiaj�
0.5

b � �
i�1

r

xibi bi � 0.077796
RTci

Pci

ai � aci�i

aci � 0.457235
�RTci�

2

Pci

�i
0.5 � 1 � mi�1 � � T

Tci

� 0.5	
mi � 0.37646 � 1.54226�i � 0.26992�i

2

where Tci
, Pci

, and �i are critical temperature, critical pressure,
and acentric factor for pure component i, respectively; and A �
aP/(RT)2 and B � bP/RT.

A �
aP

�RT�2 B �
bP

RT
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To evaluate the partial derivatives � ln 	i/�xj, using the PR
equation of state, the logarithm of fugacity coefficient is writ-
ten in the following form:

Ei
�1� Ei

�2�

Ei
�3� Ei

�4�

ln 	i �
bi

b
�Z � 1� � ln�Z � B�

�
A

�2aB ��
j�1

r

xjaji�ln�Z � 2.414B

Z � 0.414B� �
Abi

2�2bB
ln�Z � 2.414B

Z � 0.414B�
(B1)

Thus

� ln 	i

�xj
�

�Ei
�1�

�xj
�

�Ei
�2�

�xj
�

�Ei
�3�

�xj
�

�Ei
�4�

�xj
(B2)

where

�Ei
�1�

� xj
�

bi

b2 �b
�Z

� xj
� �Z � 1��bj � br�	 (B3)

�Ei
�2�

� xj
�

1

b�B � Z� �b
�Z

� xj
� B�bj � br�	 (B4)

�Ei
�3�

� xj
�

1

�2 ��
A

aB

�

�xj
�ln�Z � 2.414B

Z � 0.414B�	 �
k�1

r

xkaki

�

1

�2 ��ln�Z � 2.414B

Z � 0.414B� �

�xj
� A

aB �
k�1

r

xkaki	
 (B5)

�Ei
�4�

� xj
�

bi

2�2
� A

bB

�

� xj
� ln�Z � 2.414B

Z � 0.414B�	
� ln�Z � 2.414B

Z � 0.414B� �

�xj
� A

bB�
 (B6)

In Eqs. B1–B6, Z is the compressibility factor calculated using
PR equation. One can demonstrate that

b
�Z

� xj
�

B

�3Z2 � 2�1 � B� Z� � � A � 2B � 3B2�

� �2�B � Z�

RT �
k�1

r

xk�akj � akr� � �� A � 2B � 3B2�

� �2 � 6B� Z � Z2��bj � br�
 (B7)

Another set of partial derivatives for evaluation of Eqs. B5 and
B6 are given by the following expressions:

�

� xj
� A

aB �
k�1

r

xkaki	 �
A

aB � �aji � ari� �
�bj � br�

b �
k�1

r

xkaki	
(B8)

�

� xj
� ln�Z � 2.414B

Z � 0.414B�	 �
2.828B��b��Z/�xj� � �bj � br�Z�

b�Z2 � 2BZ � 0.999B2�

(B9)

�� A/bB�

� xj
� 2

A

bB �¥k�1
r xk�akj � akr�

a
�

�bj � br�

b � (B10)

Appendix C: Approximation of the Cubic Form

Considering that d(z) � 0 and �d(z) � 0, an expansion of
function d in Taylor series around the point z, in the direction
of the unitary eigenvector u*, can be written as

d� z � su*� �
1

2
�mins

2 �
1

6
�3d�z� � u*

3s3

�
1

24
�4d�z� � u*

4s4 � o�s5� (C1)

By performing differentiation of Eq. C1, we obtain

d

ds
d� z � su*� � �mins �

1

2
��3d�z� � u*

3�s2

�
1

6
��4d�z� � u*

4�s3 � o�s4� (C2)

On the other hand, by the chain rule

d

ds
d� z � su*� � �

i

�d

� xi
u* � uT�d� z � su*� (C3)

By combining Eqs. C2 and C3, we obtain

uT�d� z � su*� � �mins �
1

2
��3d�z� � u*

3�s2

�
1

6
��4d�z� � u*

4�s3 � o�s4� (C4)

In an analogous form,

uT�d� z � su*� � ��mins �
1

2
��3d�z� � u*

3�s2

�
1

6
��4d�z� � u*

4�s3 � o�s4� (C5)

By adding Eq. C4 to Eq. C5, we have
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u*
T�d� z � su*� � u*

T�d� z � su*� � ��3d� z� � u*
3�s2 � o�s4�

(C6)

Thus

c* �
1

6
�3d� z� � u*

3 �
1

6s2 �u*
T�d� z � su*�

� u*
T�d� z � su*�� � o�s2� (C7)

If we get s � �, where � � 0 is a scalar sufficiently small, the
cubic form can be approximated with an error of order o(�2) by
the following scheme of central differences:

c* �
1

6
�3d� z� � u*

3 �
1

6�2 �u*
T�d� z � �u*�

� u*
T�d� z � �u*�� (C8)
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